P.1 Real Numbers and Their Properties

Real Numbersare used everyday to describe quantities such as
age, weight, height, mpg, etc. . . Some common subsets of real
numbers are:

Whole numbers W={0,1,2,3,4,5,6,7,8,...}
Integers l=4...,-4,-3,-2,-1,0, 1

Every real number is either a rational
. . Real

number or an irrational number. A

. § L. Numbers
real number is a rational number if it |

: | |

can be expressed as a ratio a{b oftwo [ . Rational
integers where b # 0. In decimal Numbers Numbers

form, rational numbers either ‘ | ‘

terminate (e.g. 5 = 0.125) or repeat Integers Non-integer

_° on-in
(e.g. = =027). A real numbers that | | ractions

cannot be written as a ratio of two Negative Whole

integers is called an irrational Numbers Numbers

number; in decimal form irrational | |
number never terminates and never Zero Natural

Numbers
repeats. Some examples are

Subsets of real numbers

J7 =2.64575312.~ 2.65
I =3.141592654..." 3.14

What is the difference between positive and nonnegative numbers?
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Graphs of Solution Sets and Interval Notation

Since the solution set to a linear inequality is generally an infinite
set, we can express the solution set as an inequality, a graph, or as
an interval using what is referred to as interval notation.

: Interval
In Words Inequality Graph Notation
Numbers less ]
than 4 x<4 0 4
Numbers less | 4 .
than or equal to 4 A 0 4
Numbers greater ]
than 4 X>4 0 4
Numbers greater | 4 1
than or equal to 4 X 0 4
Numbers .
between 0 and 4 0<x<4 0 4
Numbers
between 0 and 4, O<x<4
. ; 0 4
including 4
Numbers
between 0 and 4, 0! x4 0 A
including 0 and 4

Absolute Value and Distance

The absolute value of a number is always #a, ifa! 0

nonnegative and is a measure of the numbers a| =3, :
i : opa, ifa<O

magnitude, or distance from zero.

Example 4

a. EvaluateM for x>0 b. EvaluateM for x<0
X X
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Properties of Absolute Value

1. |a| >0 2. —a| = |a|
3. b|=la||b 4. |=|l==.pb! 0
|a | |a|| | b |b ?

Distance Between Two Points on a Number Line
Let a and b be real numbers. The distance between a and b on the
number line is a non-negative number given by

d(a, b)=|b—al=|a-b|

For example, the distance between 2
and -5 on the number line 1s

d(2,!5)=[2! (*5)=|'5! 2|=7

Example 5
Find the distance between 9 and -4 on the number line.

Definition of an Algebraic Expression

An algebraic expression is a collection of variables (letters) and
constants (real numbers) combined with the algebraic operations
of addition, subtraction, multiplication, division and
exponentiation.

2x

2

y =Ty

Examples of algebraic expressions: 12, 1 x+5,
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Terms and Coefficients

The terms of an algebraic expression are the addends of the
expression. A coefficient of a term is the numerical factor of the
term.

For example,

x° —2x—15 has three terms, namely

The coefficients of the expression are
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Properties of Real Numbers

If a, b, and ¢ are real numbers, then

P t Operation

roperty Addition Multiplication
Commutative Commutative property of | Commutative property of
means order does addition multiplication
not matter
Associative Associative property of Associative property of

means grouping
does not matter

addition

multiplication

Inverse

The additive inverse
Is the opposite. The
multiplicative
inverse is the

Inverse property of
addition

Inverse property of
multiplication

reciprocal.

Zero Addition property of Multiplication property
zero of zero

One Multiplication property

of one
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Exponents and Radicals

Properties of Exponents
For the following properties, let a and b be nonzero numbers, and
m, n and p be positive integers.

Property
bmbn — bm+n

b_n — bm—n
b

(bm )n - bm!n

(@"b")P = a™b™

Example(s)
F3 =

(32)3 -

(12¢%)" =[(1 2)'c?]* =

(3a5b2)3 —

—3x* ’
[ y* j )

(1+x*)" =

=37 = -3 = (-=3)" =

—2x7t =

(a") =
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Example 1
Simplify each of the following.

a.  (!3ab")(4ab’®)

b. (!2xy°)°
C 3a(-4a*)°
Yy
. 1
C 3%
12a°b'?
f. -
4da °b
g.  (=x)
"1 44° %2

h. '
IR )
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Example 2
Scientific Notation, a! 10" Decimal Notation
0.00000542
7,490,026
-8.42x107
3.298! 10°

Properties of Radicals

1. Yam=(¥a)"
2. Yalb="Yab

5, Ya_ fa
i
4. Ra="a

5. Ifniseven Q/a_”: |a|

If n is odd Q/a_"za

%
A
5 &




P.2 Exponents and Radicals (Page 9 of 33)

Simplifying Radicals

A radical expression is in simplest form when:

1. All possible factors have been removed from the radical.

2. The denominator is rationalized so that no radical is in the
denominator.

3. The index of the radical is as small as possible.

Example 3
Simplify each of the following.

a. x/§\/§ b. %/5_3

C. Q/b_5 d. e

Example 4
Simplify each of the following.

a. /48 b. 75x°

c. Gx)? d. /24

e. +54a f. 3! 40x°
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Example 5
Simplify each of the following.
a. 248! 327 b. 316x! Y54x*
5 d 2
C — . -
243 U5
2 ¢ 3
c. . —
3447 J5+/6
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Definition of Rational Exponents

1. a"={%a read “the n™ root of a”
7. am/n -0 am — (Q/a)m a‘m/n — a‘power/inde<
Example 6

Rewrite each radical expression in exponential form, visa versa.

Radical Form Exponential Form
¥5
(3xy)°
2 X3/ X’
(x2 +y2)3/2
2y3/4ZJJ4
a—3/2



Example 7

Simplify each of the following.

a. (132)*°

b. (=5x73) 4

d. V125

e. (2x-1)"*(x-1p™

x!1
()CI 1)' 1/2

P.2 Exponents and Radicals (Page 12 of 33)
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P.3 Polynomial, Factoring, and Special Products

Definition of a Polynomial in x
Let &,, g,, 8,, ..., a,,, a,be real numbers and n be a nonnegative

integer. A polynomial in x is an expression in the form
n n—1 =
ax"+a, x" +E +ax+a,

where @, # 0. The polynomial is of degree n, a, is the leading
coefficient, and a, is the constant term. The terms of a
polynomial written in standard form have descending exponents.

Example 1
. Leading
Polynomial Standard Form | Degree Coefficient
—X*+2Xx’ —5x+4
16— 25x°

15
Examples of Non-Polynomials
x° ++/5x! 18x+2 A 2" log, x

X

Example 2  Add and Subtract Polynomials
Perform the indicated operations and simplify.

a. (521 7x%1 3)+(x° +2x7 ! x+8)

b.  (7x*! x*1 4x+2)! 3x*! 4x° +3x)
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Example 3  Multiply Polynomials
Perform the indicated operations and simplify.

a. (3x! 2)(5x+7) b. (x> —4x+2)(4x>+3x+5)

Special Products
1. Sum and Difference of the Same Terms

w+v)u! vy=u’!v? e.g. (x+5)(x-95)=
(3a—-2)(3a+2)=
(2c—=5d)2c+5d)=

2. Square a Binomial

(w+v)Y =u’ +2uv+v* e.g. (x+ 3)° =
(2a+5)° =

(u—v)* =u®-2uv+1° eg. (y=7)°=
2n-7m)’ =

3. Cube a Binomial

(u+v)° =u’+3u’v+ 3uv® +1° e.g. (x+3)° =
(2a+5)° =

(U-Vv)’ =u’ = 3u’v+3uv -V’ eg. (y!7)7=

Q2n—Tm)’ =
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Example 5
Find the product of 5x+9 and 5x! 9.

Example 6
Find (6Xx—5)°.

Example 7
Find (3x+2)°.

Example 8
Find the product of x+y—2 and X+Yy+2.



P.3 Factoring Polynomials (Page 16 of 33)

Example 9

An open top box is made by cutting squares
with side length x from each corner of a 16
inch by 20 inch piece of cardboard and
folding the sides up.

a. Find the formula for the volume of the e §

box in terms of x.

b. Find the volume of the box when x =1,
2 and 3 inches.

Fig. 3
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Factoring Polynomials
The process of writing a polynomial as a product is called
factoring.

Example 1
a. Factor 2x1 10

b. Factor 6x° —4x

c. Factor | 4x* +12x! 16

d. Factor X=X +4x—-4

e. Factor X1 X1 4x+4
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Difference of Two Squares

U =V = (U+V)(Uu-v) 4X° =9y* = (2%)° -(3y)’ =
Perfect Square Trinomials

u’ +2uv+v: = (u+v)y x°+6x+9=

u’ =2uv+v’ =(u-v) 4a°! 12a+9=

Sum or Difference of Two Cubes

ull vi=(u! V)’ +uv +v°) X —8=

u’+v° = (u+v)(u® —uv+v°) 27x°+64=

Example 2

a.  Factor 3-12x°

b.  Factor (X+2)* -y

c.  Factor 16x* - 81

d. Factor x> —10x+25
e. Factor 16x° +24x+9
f.  Factor x> =27

g.  Factor y°+8

h. Factor 3x° +192
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Example 3
a. Factor X2 Tx+12

b.  Factor 2x* +x! 15

c. Factor 2x*+5x! 3

d. Factor 3x* —5x+2
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P.4 Rational Expressions
Domain
The set of real numbers for which an expression is defined is the

domain of the expression.

Example 1
a. Find the domain of X*—7x+12

b.  Find the domain of X—5

X+ 3
(x! 4)(x+5)

C. Find the domain of

Rational Expression and its Simplest Form

A rational expression is the quotient of two polynomials. A
rational expression is in simplest form when the numerator and
denominator have no common factors other than 1 and -1.

Example 2
Write each expression in simplest form. Make sure to note any
domain restrictions.

x> +4x! 12 12+ X — X?
3x! 6 T 2X°-9x+4
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Example 3  Add, Subtract, Multiply and Divide
Perform the indicated operation and write each expression in
simplest form. Make sure to note any domain restrictions.

2xP+x—-6 x°—=3x*+2x

d. .
X +4x-5 4x* —6x
x’—8 X’ +2x+4
b. 2 - 3
X —4 X +8
X 2
C. I
x!'3 3x+4
2
d 32 Xx+43

+2
x—1 x X -1
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Example 4  Simplify Complex Fractions
Perform the indicated operation and write each expression in
simplest form. Make sure to note any domain restrictions.

213
X
T
x!1

Example 5 Rewriting a Difference Quotient
Rewrite by rationalizing the numerator.

h
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Example6 Add, Subtract, Multiply and Divide

An expression is not simplified if it has negative exponents. To
factor an expression with negative exponents, try factoring out the
common factor with the smallest exponent.

a.  Simplify 3x'*?1 2x'¥

b.  Simplify x(1! 2x)"?+(1! 2x)'"”?

(4| x2)l/2 +x2(4| xZ)!l/Z
41 x°

c.  Simplify
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P.5 Cartesian Plane

Example 1
The amounts A (in millions of dollars) spent on Year,t Amount, 4
skiing equipment in the U.S. are shown in the 1990 475
table. Make a scatter plot of the data. Label and 1991 577
scale the axes. 1992 521
1993 569
1994 609
A 1995 562
1996 707
1997 723
1998 718
1999 648
2000 495
2001 476
2002 527
2003 464

Pythagorean Theorem

The triangle shown 1s a right C aZ+b =
triangle with hypotenuse c if and b

o 2 2 2
only if a“+b"=c a
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The Distance Formula

The distance between the points
(x,,y,) and (x,,y,) in the plane
1S

d=\05, ! x) +0, ! 9.

(% 1) |

The Midpoint Formula

The midpoint of the line segment
connecting the points (X, Y,) and
(.x2 ] y2 ) iS

(&+& m+mj

(%, Y,)

2 72 (%1, 1) 1; "}

% 1 .
Example 3
Find the distance between the y
points (-2, 1) and (3, 4). Then 1
find the midpoint of the line
segment connecting the points. 4 /'

e ‘

4 s |7
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Example 4

Yy
A

Find the distance between the points

(-5,-3) and (9, 3). Then find the

an

midpoint of the line segment

connecting the points.

)
\

n

P <

Example 5

Show that the points A(4,0),

B(5,7),and C(2, 1), are

o

vertices of a right triangle.

B o~y
¢ —
>

(4]
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Standard Form of the Equation of a Circle

The point (X, V) lies on the circle of radius r
and center (h, K if and only if

r’=(x—-h)+(y—k).

This equation 1s called the standard form of
the equation of a circle.

Example 8  Fill in the following table.

y

A

Xy

 /

Standard form of the equation of a circle

Center Radius

' =(x=h’+(y-ky’ (h, k) r
2,-1) 4
(0, 0) 5

(x! 2P +(y! 3=

¥ +(y+4) =16

Example 9

The point (3, 4) lies on a circle whose
center 1s at (-1, 2). Write the standard form
of the equation of the circle.

Figure P.26
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Example8 Translating Points in the Plane

The triangle in Figure P.27 has vertices at the points (—1, 2), (1, —4),and (2, 3).
Shift the triangle three units to the right and two units upward and find the
vertices of the shifted triangle, as shown in Figure P.28.

(-1,2)

24 (1,-4) 44

Figure P.27 Figure P.28

Solution

Example 8 shows how to translate points in a coordinate plane. The following
transformed points are related to the original points as follows.

Original Point Transformed Point
35 (—x, ¥) is a reflection of the
(X, y ) ( Xy ) original point in the y-axis.

(x, —y) is a reflection of the
original point in the x-axis.

(X, }') (x.~ _}')

: oo (—x. —y) is a reflection of the
(x.y ) ( X, =) original point through the origin.
The figures provided with Example 8 were not really essential to the
solution. Nevertheless, it is strongly recommended that you develop the habit of
including sketches with your solutions, even if they are not required, because they
serve as useful problem-solving tools.
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P.6 Representing Data Graphically

Statisticsis the branch of mathematics that studies techniques for
collecting, organizing and interpreting data. In this section we will
look at several ways to organize data. One of the quickest and
simplest graphs is the line plot, which uses a portion of the number
line to order numbers.

Example 1 Constructing a Line Plot
a.  Use a line plot to organize the following set of scores.

03, 70, 76, 67, 86, 93, B2, 78, 83, 86, 64, 78, 76, 66, 83
83, 96, 74, 69, 76, 64, 74, 79, 76, 88, 76, 81, 82, 74, 70
0 S

Test scores

The frequency of a data value is the number of times a value
occurs in the data set. The mode is the most frequently occurring
data value. The range of a data set is the difference between the
largest and smallest data values.

b.  Find the mode and range of the test scores.
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Histograms and Frequency Distributions

To organize large sets of data, it is useful to group the data into
intervals and plot the frequency of that data in each interval. A
frequency distribution is a table that shows the frequency of each
data interval. A histogram is a bar graph where the bars represent
a numerical quantity and the bars are not separated by spaces.

Example 2  Constructing a

Histogram AK 64| MT 137

The table shows the percent of senior AL 132 | NC 121
citizens in each state (and DC) in 2004. AR 138 | ND 147
a.  Construct a frequency distribution for AZ 127 | NE 133
the data. Use five intervals (bars). CA 107 | NH I2.1

CcO 98 | NI 129
CT I35 | NM 121
DC 12,1 | NV 11.2
DE 13.1 | NY 130
FL. 168 | OH 133
GA 96 | OK 132
HI 136 | OR 128
IA 147 | PA 153

Interval | Frequency

ID 1.4 | RI 13.9
IL 120 SC 124
b.  Construct a histogram for the data. IN 124 SD 142

KS 13.0| TN 125
KY 125 ] TX 9.9
LA 11.7 | UT 8.7
MA 133 | VA 114
MD 114 VT 130
ME 144 | WA [I13
MI 123 | WI 130
MN 12,1 | WV 153
MO 133 | WY 121
MS 122
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TIYWIE T2

Bar Graphs

A bar graph is similar to a histogram, except that the bars can be either
horizontal or vertical and the labels of the bars are not necessarily numbers.
Another difference between a bar graph and a histogram is that the bars in a bar
graph are usually separated by spaces.

Example4 Constructing a Bar Graph @

The data below show the monthly normal precipitation (in inches) in Houston,
Texas. Construct a bar graph for the data. What can you conclude? (Source:
National Climatic Data Center)

January 3.7 February 3.0 March 34 Monthly Precipitation
April 3.6 May 5.2 June 54
July 32 August 3.8 September 4.3 Ll

October 4.5 November 4.2 December 3.7

Solution

To create a bar graph, begin by drawing a vertical axis to represent the precipita-
tion and a horizontal axis to represent the month. The bar graph is shown in
Figure P.32. From the graph, you can see that Houston receives a fairly consistent
amount of rain throughout the year—the driest month tends to be February and B
the wettest month tends to be June. Month

vereckroNT  Now try Exercise 7. Figure P.32

Monthly normal
precipitation (in inches)
LP¥)
)
T
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Example5 Constructing a Double Bar Graph @

The table shows the percents of associate degrees awarded to males and females
for selected fields of study in the United States in 2003. Construct a double bar
graph for the data. (Source: U.S. National Center for Education Statistics)

q Field of Study % Female % Male
Agriculture and Natural Resources 36.4 63.6
Biological Sciences/ Life Sciences 70.4 29.6
Business and Management 66.8 332
Education 80.5 19.5
Engineering 16.5 83.5
Law and Legal Studies 89.6 10.4
Liberal/General Sciences 63.1 369
Mathematics 36.5 63.5
Physical Sciences 44.7 55.3
Social Sciences 65.3 34.7

Solution
Associate Degrees

Agriculture and Natural Resources - | r———

' S p— |8 Female

Biological Sciences/Life Sciences - g m— @ Male |
: : : j ! T

Business and Management -

Education -

-

Engineenng -+

Law and Legal Studies
Liberal/General Studies -§

Mathematics ————

Physical Sciences -+

Social Sciences -

Field of study

1
1 I ] 1 ' ] 1

i
|
|
l
|
+ }
10 20 30 40 50 o0 70 S0 9D
Percent of associate degrees

B

f
100
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Line Graphs

A line graph is similar to a standard coordinate graph. The lines
show trends over periods of time.

Example6 Constructing a Line Graph @ &%
The table at the right shows the number of immigrants (in thousands) entering the s Number
United States tor each decade from 1901 to 2000. Construct a line graph for the 1901-1910 8795
data. What can you conclude? (Source: U.S. Immigration and Naturalization 1911-1920 5736
Sexvice) 1921-1930 4107
Solution 1931-1940 528
Begin by drawing a vertical axis to represent the number of immigrants in thou- 1941-1950 1035
sands. Then label the horizontal axis with decades and plot the points shown in 1951-1960 2515
the table. Finally, connect the points with line segments, as shown in Figure P.34. 1961-1970 3322
From the line graph, you can see that the number of immigrants hit a low point 1971-1980 4493
during the depression of the 1930s. Since then the number has steadily increased. 1981-1990 7338
1991-2000 9095

us Immigrants

Number of immigrants |
(in_thousands)

'—,\; - T T T T T T T 1
1 1 1 lo 1 I0 ! 1 lQ \
- e e — e —— .l e o=t —
2= dg bl o 1—8 W3 | oS =3 B u—8
| e oo loe CF So o oo o o | oig



